Circularly Polarized Wave by Two Linearly Polarized Waves
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Fig. 1 Coordinates

The condition that the sum of two linearly polarized waves
X'Aexp(- jkz), yBexp(- jkz) , traveling toward + z direction as shown in Fig. 1,
becomes circularly polarized wave is proved here, where k is the

wavenumber.
The coordinates are shown in Fig. 1. In (X,y',Z') coordinates, x' and Yy’

axes are crossing with angle ¢ and x' and Z' axes coincide with x and
z axes, respectively. X,y,X and Yy indicate unit vectors of x,y,x" and
y' axes, respectively. X and y' are expressed by X and y as follows.
X' =X

{9’ = Xcosd + ysing @
Consider the sum of two linearly polarized waves whose axes of polarization
are x' and Y', respectively, as shown in Fig. 1.
XA+ Y'B 2
where A and B are complex numbers (Phasor representation) as follows



{A= R, exp(]6,) -

B =R, exp(j6s)

where R,,0,,R; and &, are real numbers.
By substituting Eq.(3) into Eq.(2) and using Eq.(1)
XR, exp(j#,) + (xcosf + ysinO)R; exp(jb;)
X{R, xp(j6,) + Ry exp(j 0, ) cost |+ IR, exp(jfg)sing
The circular polarization condition in x—y plane is applied here.
R,exp(j@,)+ Ry cosdexp(jby) =+ jR;sindexp(jbdy)
where + sign (upper) in right hand side means the right hand circularly
polarized wave (RHCP) while — sign (lower) means the left hand one (LHCP)
when the wave propagates toward +z direction.
R,exp(j@,)+ R; cosdexp(jd;)F jRgsinfexp(jdy) =0
R, cosé, + R; cosdcosd, £ R; sinfdsing,
+ j{R,sind, + R, cosfsinf, ¥ R, sinfcosf, | =0
R, cosé, + Ry (cosdcosf, +sinfdsinf,) =0
{RA sinéd, + Ry(cosfdsing, +singcosb,)=0
R, coséd, + Ry (cosdcosfy +sindsing,) =0
{RAsiné?A F R (sin@cosf, F cosfsing,) =0
R,cosé, + Ry cos(@ +6,)=0 (4)
{RAsineA FR,SNOFO0,)=0 (5

By Eq.(4)
R, =200, (6)
cos(0 ¥ 6;)

Substituting this equation into Eq. (5) yields
R,snd, £ R, cosf,tan(6@F6;) =0

sing, £cosd, tan(0 +6;)=0

siné, =Fcosé, tan(é F ;)

Fsind, =cosd, tan(f + 6;)

Ftand, =tan(@+ 6;)

tan(+4,) = tan(@ + ;)

FO,+nr=0F6,

where n is an arbitrary integer number.
F0,-0+nrz=F6,

Oy =F(F0, -0 +nrx)

0, =0,x0Fnx



Oy =0,t0+n'7

By substituting this into Eq.(6)

R, = Ricosé'A _ R, cos&'_A _ R, cosé,
cos(¥é, + nx) (-1)" cos(F6,) (-D" cosb,

The following two conditions are obtained for circular polarization

RB = (_1) i RA
0,=0,+0F nr

= (-)"'R,

Rs =R,
Oy =60, £0+mz (m: odd)

where + sign (upper) in right hand side means the right hand circularly
polarized wave (RHCP) while — sign (lower) means the left hand one (LHCP)
when the wave propagates toward +z direction.



